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Airfoil and Wing Design Through Hybrid Optimization Strategies

Alessandro Vicini¤ and Domenico Quagliarella†
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Real-world design problems need robust and effective system-level optimization tools inasmuch as they are ruled
by several criteria, most often in multidisciplinary environments. In this work a hybrid optimizationalgorithm has
been obtained by adding a gradient-based technique to the set of operators of a multiobjective genetic algorithm.
This makes it possible to increase the computationalef� ciency of the genetic algorithmwhilepreserving its favorable
features of robustness, problem independence, and multiobjective optimization capabilities. Aerodynamic shape
design problems, including both airfoil and wing designs, are considered.

I. Introduction

S EVERAL techniques are available today for design through
numerical optimization.1 In particular in the � eld of aerody-

namic design, beyond methods developedad hoc and characterized
by inverse design capabilities,the techniquesmore properly related
to direct optimization include mature gradient-based methods and
more recent approaches such as automatic differentiation, control-
theory-based methods, and genetic algorithms (GAs). Generally,
one method cannot be said to be superior to others without refer-
ence to a speci� c problem that needs to be faced. The characteris-
tics of importance that need to be evaluated include 1) generality
of the formulation vs dependence on the problem; 2) robustness,
intended as the capability of avoiding local optima, vs the need for
human interactionand expertise;3) capabilityof multiple-objective
vs single-objectiveoptimization;and 4) computationalef� ciencyvs
the need for large computational resources.

From this point of view, the choice of one particular optimization
technique implies the renunciation of some possible advantages in
favor of others. On the other hand, because aerodynamic shape de-
sign represents only a part of the overall design of a � ying vehicle
and because the need for an effective multidisciplinaryapproach to
the design task is rising, it is important for an optimization tool to
combine as many of the favorablecharacteristicsjust listedas possi-
ble while avoidingthe shortcomings.In this sense,a hybridapproach
to optimization, in which techniques of different nature are used at
the same time, may have extremelybene� cial results. In fact, hybrid
optimizationmay exploit the most favorable featuresof the methods
that are combinedwhile masking the correspondingshortcomings.2

In this work, a hybrid optimization tool, developed by incorpo-
rating a gradient-based optimization routine among the operators
of a multiobjective GA,3 is applied to aerodynamic shape design
problems. GAs belong to the class of evolutionary optimization
procedures that � nds its philosophical basis in Darwin’s theory of
survival of the � ttest.4 In an attempt to mimic the process of biolog-
ical evolution,a set of design alternatives,representinga population
in this metaphorical transposition, is permitted to evolve through
successive generations so as to promote the individuals that better
adapt themselves to the environment, i.e., those that better meet the
design requirements. Each element is characterizedby the value of
its � tness, which is the measure of how � t it is for the given en-
vironment, in other words, how good the corresponding solution
is for the problem at hand. The process of evolution is realized
in the reproduction phase using a selection criterion driven by the
value of the � tness of the individuals, so that bias is allocated to
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the best-� t members of the population.The individuals selected for
reproductionare recombinedusing genetic operators(crossoverand
mutation), so that a combinationof their most desirablecharacteris-
tics may be obtained in the offspring;hence, elements characterized
by higher � tness are produced in subsequent generations.

These search methods rely only on the evaluation of the � tness
of the elements and do not require the computation of gradients;
therefore, they are less susceptible to pitfalls of convergence to a
local optimum and can successfullydeal with disjointor nonconvex
design spaces. Moreover, they are capable of facing the problem of
multiple-objectiveoptimization in a straightforward fashion, using
the notion of domination among solutions.5 These characteristics
make GAs very attractive optimization tools and explain the con-
siderable growth of interest that has been focused on them in recent
years for engineering applications.6

The major weakness of GAs lies in their relativelypoor computa-
tional ef� ciency inasmuch as they generally require a high number
of evaluations of the objective function. For this reason, the use of
GAs may become impractical when this evaluation is expensive, as
happens for aerodynamicoptimizationapplicationswhere the solu-
tion of complex partial differential equation systems is necessary.

Coupling a GA with a differentoptimization technique can be an
effective way to overcome its lack of ef� ciency while preserving
its favorable features.Many different strategies to hybridize the GA
can be realized; the simplest one is that of using the best solution
found by the GA as starting point for a subsequent optimization
with the other adopted method.7 However, a closer interaction be-
tween the different algorithms, rather than the two-stage optimiza-
tion described, may more favorably combine the best features of
both methods and provide results better than those obtainableusing
either of the two techniques.

Some representativeresults obtained with the hybrid GA (HGA)
will be demonstrated for aerodynamic shape design problems, in-
cluding both airfoil and wing optimization test cases.

II. Hybridization of the GA
A simple GA may by itself be considered as the combination

of two different search techniques, namely, crossover and muta-
tion, that are characterized by different behaviors when searching
the parameter space. Crossover generates the candidate solutions
(offspring) through a combination of two existing ones (parents);
the solutions thus obtained, independentlyfrom the way the parents
are selected and combined, can be far from the starting ones. Thus,
crossover is a powerful tool to search the design space and single
out the region where the global optima lie, but it lacks the capability
of effectively re� ning the suboptimal solutions found. On the other
hand, mutation has a more local effect because the modi� cations it
produces are generally small in the coded parameter space. Hence,
mutation has two important roles in simple GAs: 1) to provide the
capability to effectively re� ne suboptimal solutions and 2) to rein-
troduce in the populationthe alleles lost by the repeatedapplication
of crossover,maintaining populationdiversity. However, the rate of
mutation needed for these two tasks may be different; in particular,
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whereas mutation is very good for maintainingpopulationdiversity,
its re� ning capabilities may not be optimal for every class of prob-
lems. There is in fact a broad class of problems, namely, the ones
where the � tnessfunctionis differentiable,for which gradient-based
techniques are much more ef� cient to locally improve a given so-
lution. This suggests the introduction of a gradient-based routine
among the set of operators of the GA; mutation is then prevalently
leftwith the roleof keepingthediversityamongpopulationelements
at an optimum level.

The GA developed adopts a bit string codi� cation of the design
variables; this does not prevent the use of operators requiring real
number list encoding, such as extended intermediate crossover and
word-level mutation.8 In these cases, the binary string is decoded
intoa real number list, theoperator is applied,and the set ofmodi� ed
variables is encoded back into a bit string. This scheme allows the
use of a free mix of different types of operators.

In particular, in the applications that are described, mutation is
alternatively applied at bit or word level, i.e., directly on the bits of
the binary coding, or on the integer ranging from 0 to 2n ¡ 1, where
n is the number of bits adopted for each variable. As an alternative
to the standard one-point crossover, the extended intermediate re-
combination (EIR), described by Mühlenbein,9 has been used. Let
.x1; : : : ; xn/ and .y1; : : : ; yn/ be the selected parent chromosomes;
with EIR, the offspring variable is given by

zi D xi C ®i .yi ¡ xi / .1/

where ®i is chosen randomly in the interval [¡d; 1 C d]. A value of
d D 0:2 was used for the present applications, and relation (1) was
used at word-level coding of the variables. Finally, the selection
operator adopted is a random walk: The population is distributed
over a toroidal landscape,8 a starting point is chosen at random,
and the parents selected are the best-� t or nondominated ones,5 for
single- and multiobjectiveproblems, respectively,among those met
in two successive random walks of assigned number of steps from
that starting point.

Besides the described genetic operators, as said before, a routine
performing a gradient-based optimization (with a conjugate gradi-
ents technique) has been included and called hill climbing operator
(HCO). The HCO is used as follows: Through the application of
the selection and crossoverand mutation operators,an intermediate
generation is created from the current one; afterward, if the hybrid
option is activated, some individuals may be selected and fed into
the HCO to be improved and then introduced into the new gen-
eration, as shown in Fig. 1. Regarding the choice of the elements
to be fed into the gradient operator, in the case of single-objective
optimization, three different strategies are possible.

1) Only the best-� t individualof the current generationis chosen.
2) A number of elements determined by an assigned probability

is picked using the selection operator.
3) A number of elements determined by an assigned probability

is picked in a purely random fashion.
Of course, these strategies determine different levels of selection

pressure, decreasing from strategy 1 to strategy 3; therefore, the
relative performancewill depend on the optimizationproblem. The
enumerated scheme can be naturally extended for multiobjective
optimization. In this case, the elements are not ranked on the ba-
sis of a scalar � tness function but are just divided into two classes:
the dominated and the not dominated.5 The set of not-dominated

Fig. 1 HGA.

individuals (Pareto front), updated after each new generation, is
composed of all potential solutions of the problem, satisfying the
design criteria at different levels of compromise. When multiob-
jective problems are formulated, strategy 1 becomes the (random)
selection of a number of elements determined by an assigned prob-
ability from the current set of Pareto optimal solutions, whereas
strategies 2 and 3 remain the same. Of course, the HCO is by its
nature capableof dealingonly with scalar objective functions; thus,
when multiobjective problems are faced, the objective function fed
into the HCO is obtained through a weighted linear combinationof
the n problem objectives, i.e., as objD ® obj1 C .1 ¡ ®/obj2 in the
case of n D 2. The weighting factor ® can be chosen at random or
assigned explicitly to favor one of the objectives.

Note that theaidprovidedby the gradientoperatorsimplyconsists
of its capability to improve to some extent the selected individuals;
in other words, its role is that of introducingimprovements that will
then be processedand exploited by the GA, which remains the driv-
ing engine of the procedure.From this point of view, the use of this
operator has to be limited to the minimum necessary to provide the
desired effect, which is that of improving the convergence charac-
teristics of the procedurewithout causingpremature convergenceto
local minima. Based on these considerations,the use of the HCO is
subject to the following rules:

1) The hybrid mechanism (Fig. 1) is not used at each generation
but only after each assigned block of K generations.

2) It is not necessary, and it would be detrimental for the compu-
tational performances, for the HCO to carry out a converged opti-
mization each time. Therefore, only one or two gradient iterations
are generally prescribed.

Furthermore, as the gradient operator basically has to behave as
an improved mutation operator, the bene� cial effects of hybridiza-
tion also can be obtained by making it operate only on a subset of
the active design variables, thus reducing the number of objective
functionevaluationsthat must be carried out each time. The success
in this case will dependon the degreeof cross correlationamong the
design variables. The total number of evaluations of the objective
function needed Ne can be estimated as follows:

Ne D Npop Ngen[1 C .phco=K /Nit.´Nvar C 4/] .2/

where Npop and Ngen are the population size and the total number
of generations, phco is the HCO probability, K is the frequency in
terms of number of generations for its activation, Nit is the number
of gradient iterations, Nvar is the number of design variables, and
´ 2 [0; 1] is the factor determining the size of the subset of design
variables that is passed to the HCO. In the following applications,
the designvariablesthat need to be frozenare chosenat randomeach
time the gradient operator is used; in this way, a different subset of
design variables is passed to the operator each time.

III. Applications to Airfoil Design
In the airfoil inverse design problem, a pressure distribution cor-

responding to a design point determined by the values of Mach
number and angle of attack is given, and the geometry of the airfoil
producing this target pressure distribution must be found. In this
case, the objective function to be minimized is computed by

obj D 10
Z

S

¡
cp ¡ c.t/

p

¢2
ds .3/
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where cp and c.t/
p are the current and target pressure distributions,

respectively, and S is the current airfoil contour; the � tness is then
obtained as f D 1=obj2. A full potential transonic � ow solver, with
nonconservative formulation, has been used to calculate the � ow-
� eld.The airfoilgeometryis representedby meansof two � fth-order
B-spline curves, for the upper and lower parts. The coordinates of
the control points of the B-spline constitute the design variables8;
seven control points are used both for the upper and lower surfaces
of the airfoil, including those � xed at the leading and trailing edges,
for a total of 18 design variables (the � rst control points at the lead-
ing edge can move only in direction y). The problem consists in the
reconstruction of the CAST-10 airfoil10 at M D 0:765 and ® D 0.
This problem has been solved using a NACA 0012 as initial guess,
which can be considered an absolutely generic starting point.

The design variables have been encoded using 8-bit strings (giv-
ing a chromosome length of 144 bit) and a 50 individualspopulation
evolved for 100 generations; the hybrid strategies have been acti-
vated to selecton averageonly one individualeveryother generation
and to carry out two gradient iterations .phco D 0:02, K D 2; Nit D 2,
´ D 1/. Hence, to consider the same total number of objective func-
tion evaluations,the hybridstrategiesmust be judgedapproximately
at generation 70. Two different GAs, characterized by the set of
operators described in Table 1, have been used with and without
hybridization. In both cases, the elitist strategy has been used by
explicitly transferring the best-� t individual from one generation
to the subsequent one. Figure 2 shows the convergence histories,
each one averaged over 10 successive trials characterizedby differ-
ent starting populations. The convergence history obtained by the
application of the gradient-based method by itself is also shown in
Fig. 2; in this case, of course, there are no generationsof individuals,
but the convergencehistory is reported in such a way that the num-
ber of required objective function evaluationscan be obtained from

Fig. 2 Convergence histories for the CAST 10 inverse design problem.

Table 1 Set of operators of the two GAs used

Operator GA 1 GA 2

Selection Random walk, 5 steps Random walk, 3 steps
Crossover Extended intermediate One point
Crossover probability 1 1
Mutation Bit Word
Mutation probability 0.02 0.02

Fig. 3 Scatter of results obtained in 10 different runs for the CAST 10
inverse design problem.

the same scale (1 generationD 50 evaluations). Note that a restart
procedure had to be used in this case to take the solution out of a
local minimum where it was stuck after a few iterations.

As can be seen, for a givenGA, hybridizationis always bene� cial,
meaning that a better result can be found with the same amount of
computationsor that the same result can be obtainedwith a substan-
tial reductionof computationneeded(rangingin this case from 30 to
75%). In particular, strategy 1, when the HCO is appliedonly to the
best-� t individuals, appears as the less effective, probably due to an
excessive selection pressure. At the same time, the behavior of the
gradient-based method is considerably improved from the point of
view of the robustness.

Another important characteristic that needs to be considered is
the statistical dispersion of the results obtained starting from dif-
ferent initial populations; in fact, if it is correct to judge the con-
vergence characteristics of a given GA by averaging the results of
a number of runs, from an application-orientedpoint of view it is
more important for the algorithm to guarantee satisfactory conver-
gence performances even on a single-run basis. Figure 3 shows all
of the values of the objective functionobtainedat the end of each of
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Fig. 4 Comparison of the convergence histories obtained by letting the
HCO operate on all design variables or on a 50% subset.

the 10 different runs, for each one of the algorithms used; it can be
observed how the scatter of the results provided by both basic GAs
is much higher than that obtained using the corresponding hybrid
algorithms. In particular, the best behavior from this point of view
is obtained when the elements to be fed into the gradient operator
are chosen at random, so that the level of selection pressure is not
increased too much.

The same runs have then been repeated using ´ D 0:5; in this
way, the HCO acts on a subset of 9 design variables out of 18,
which are chosen at random each time. The convergencesobtained
are shown in Fig. 4, limited to the hybrid strategies 2 and 3, i.e.,
those giving the best performances. In this case, the actual number
of � tness evaluationshas been used for the x axis, to better compare
the results. We see how freezing some of the design variables has a
positive effect when GA 1 is used, whereas for GA 2 convergence
is slowed to some extent. Considering that the design variables for
this problem are strongly cross correlated, as it is not possible to
move one control point of the B-splines independently from the
others, this result shows that this approach can generally be used
with success. In Fig. 5 one of the pressure distributionsobtained is
shown together with the target and initial ones.

An exampleofmultiobjectiveoptimizationis thenpresented,con-
sisting of reducing the wave drag of the airfoil while keeping the
correspondingpitchingmoment under control, for a � xed lift coef� -
cientand maximumthickness.The airfoilchosenas initialgeometry
is the Royal Aircraft Establishment (RAE) 2822 (Ref. 11), at a de-
sign point M D 0:78 and cl D 0:75. The constrainton lift coef� cient
is satis� ed by letting the � ow solver � nd the angle of attack that pro-
duces the speci� ed lift, whereas the thickness of the airfoil is scaled

Fig. 5 Target, initial, and computed pressure distributions.

Fig. 6 Pareto fronts obtained for the RAE 2822 optimization problem.

to the desired value after each geometry modi� cation; in this way,
every solution is a feasible one. The two objective functions have
been evaluatedas obj1 D cdw=c2

l and obj2 D c2
m . A populationof 100

individuals was permitted to evolve for 100 generations; selection
was carried out by means of a three steps random walk, with one-
point crossover .pc D 1/ and bit mutation . pm D 0:02/. Differently
from the inverse design earlierdescribed, the geometry of the airfoil
has been represented as a linear combination of the initial one, y0,
and a number of modi� cation functions, yi :

y D y0 C
NX

i D 1

xi yi .4/

The coef� cients xi of this combination are the design variables;
the functions yi have been obtained as the difference between the
initial geometry and the geometries of other airfoils chosen from
a database, so that a particular aerodynamic effect can be asso-
ciated to each design variable. The allowable range assigned was
xi 2 [¡0:2; 1:2]; i D 1; N ; and 12 design variables were used. The
same run was then repeatedusing the gradientoperator,on average,
on one element per generation, chosen at random from the current
Pareto front, and carrying out only one gradient iteration. The run
in this case was stopped at generation 86, to establish the com-
parison for the same total number of evaluations of the objective
functions.

The Pareto fronts thus obtained are shown in Fig. 6, together
with the starting point. It can be seen how the result provided by
the hybrid algorithm is a Pareto front characterized by solutions
of higher quality and more uniformly distributed; only 12 of the
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Fig. 7 Pareto fronts obtained for the wing planform optimization.

solutions found by the GA are not dominated by those obtained
with the HGA.

IV. Applications to Wing Design
Wing design is a highly multidisciplinary task; therefore, the use

of designer expertise is necessary to obtain realistic results, un-
less the variousdesign criteria and off-designconsiderationscan be
included in the formulation of the optimization problem. The mul-
tiobjective optimization approach offers great advantages for these
kind of problems, avoiding the need of arbitrarily interrelating the
different design criteria into a single scalar objective function.

GAs have already been applied to the problem of planform wing
design, taking into account aerodynamic and structural require-
ments. In Ref. 12, structural rigidity considerations are included
in the optimization,but a single-objectiveGA is used, with a selec-
tion of design variables that allows limited freedom in the de� nition
of the planform shape. In Ref. 13, nonplanar wing shapes are al-
lowed to maximize the L=D ratio with the condition that the wing
does not fail under the applied loads. In both cases, the aerodynamic
models are limited to subsonic � ow, with structural models based
on simple beam theory. In Ref. 14, a parallel Pareto GA is used for
the planform optimization of a transonic wing, minimizing aero-
dynamic drag and structural weight and maximizing tank volume;
however, the dimensions of the design space are limited by the use
of only three design variables.

In this work, the HGA has been applied to the optimizationof the
shape of a wing for transonic � ow conditions, modifying both the
planform and the wing section. The results have been obtained by
couplingtheHGA with a � nitedifferencefull potential� owsolver.15

Table 2 Design parameters for the wing planform optimization

Design variable Initial value Allowable range Selected wing

¸ 0.0 [0.1, 1.0] 0.10
3 1.0 [0:0; §50] 39.6
µ 0.0 [¡10; 10] ¡5:2
AR 7.0 [6.0, 8.0] 6.41
t=cjr % 12 [12, 15] 12.1

Fig. 8 Comparison between the Pareto fronts and the results obtained
through gradient-based method.

First, the wing planform design has been accomplishedby minimiz-
ing inviscid aerodynamic drag, which combines induced and wave
drag, and structural weight, at a given Mach number M D 0:85 and
lift coef� cient cL D 0:5. The starting point chosen is a straight, un-
twisted, and untapered wing of aspect ratio AR D 7, with an RAE
2822 airfoil; for simplicity, the wing planform is maintained trape-
zoidal, so that all geometric characteristics vary linearly from the
root section to the tip.A totalof � ve designvariableshavebeenused:
four of these act directly on the wing planform, namely, the taper
ratio ¸, the sweep angle at 25% of the chord 3, the aspect ratio AR,
and the twist angle µ ; moreover, the thickness at the wing root has
also been included among the design parameters, while the thick-
ness at the wing tip has been � xed at t=cjt D 10%. The wing surface
is kept constant, so that the average wing loading is not changed
during optimization. In Table 2 the initial values of the design pa-
rameters are reported togetherwith the prescribedallowable ranges.
The wing twist is distributed symmetrically between the root and
the tip; in other words, a twist angle µ corresponds to an increase
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in local incidence of µ=2 at the tip and a decrease of µ=2 at the
root. The wing weight is computed using the algebraic equation of
Ref. 16; this equationcombinesanalyticaland empirical (statistical)
methods and shows design sensitivity and prediction accuracy that
make it possible to use it with success for preliminary design. As
can be seen from Table 2, two separate runs have been carried out
exploring separately the positive or negative sweep design spaces;
in fact, the choice of a positive or negative swept wing is based on
considerationsof a differentnature, includingstability and handling
characteristics.

The selection has been carried out through a three-step ran-
dom walk, with one-point crossover .pc D 1/ and bit mutation
. pm D 0:1/; a population of 64 individuals was permitted to evolve
for 50 generations.The HCO has been used on one element for each
generation,selected from the current Pareto front, with Nit D 1. The
Pareto fronts obtained are shown in Fig. 7 (where W0 is a reference
weight), together with the planform of the wings corresponding to
the extremities and to the center of the fronts. It can be seen that,
for a given value of aerodynamic drag, the negative swept wings
are heavier than the corresponding positive swept ones; therefore,
almost all of the solutions with a negative sweep angle would be
dominated if the two Pareto fronts were merged. The fronts are
populated by 116 and 100 individuals, in the case of positive and
negativesweptwings, respectively.The useof theHCO doesnotpre-
vent the developmentof the complete Pareto front; on the contrary,
the solutions are uniformly distributed along the fronts without the
need of nichingtechniques.To evaluatehow well these solutionsare
representativeof the real Pareto fronts, the same test case has been
solved using the gradient-basedmethod by itself, with the problem
formulated through the weighted linear combination approach, i.e.,
the same used by the HCO: objD ® obj1 C.1¡®/obj2; � ve different
values for ® have been used: 1, 0.7, 0.5, 0.3, and 0. The solutions

Fig. 9 Design parameters for the solutions on the � nal Pareto fronts.

thus obtained are compared in Fig. 8 with the Pareto fronts pro-
vided by the HGA. As can be observed, in the better cases these
solutions lie on the Pareto fronts, and in some cases they fall in the
dominated solutions region. Observe, in neither case is the gradient
method capable of � nding the solution of minimum drag, i.e., that
corresponding to ® D 1.

In Fig. 9, the values of the design parameters of the solutions
belonging to the Pareto fronts are shown as a function of aerody-
namic drag. As can be expected, the sweep angle varies in an almost
linear fashion from the maximum allowable values (positiveor neg-
ative) to zero. Similarly, the aspect ratio is at its maximum at the
low-drag end of the front and rapidly diminishes to the minimum as
drag increases. It can be seen how changing the aspect ratio from
8 to 6 implies an increase of aerodynamic drag of about 80%; this
increase is composedof induced drag for 60% and of wave drag for
the remaining 40%. The taper ratio remains approximately at the
minimum allowable value, ¸ D 0:1, for most of the front, assum-
ing higher values only for the solutions correspondingto minimum
drag; in the case of positive sweep, minimum drag is obtained for a
taper ¸ D 0:5; whereas for negative sweep, a higher value is neces-
sary, ¸ D 0:78. The role of twist is essentially that of redistributing
the spanwise loading so as to better approach the elliptic distribu-
tion; this explainstheoppositesign of the twist angle that is obtained
when positiveor negative swept wings are considered.It can also be
observed that higher values of twist are necessary in the latter case.
Finally, the behaviorof the thicknessat the root section appears less
intuitive;only at the low-weight end of the front can a clear trend be
observed,with an almost linear increase of drag with the thickness.

As anticipated, after optimization of the planform a further im-
provement of the aerodynamic characteristics has been obtained
by modifying the shape of the wing section. One of the solutions
belonging to the Pareto front has been selected as starting point;
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attention has been focused on the positive sweep angles, and the
geometry chosen lies approximatelyat the center of the front, char-
acterizedby cD=c2

L D 0:776and W=W0 D 0:65.The wing sectionhas
been modi� ed using the same shape functions technique described
in Sec. III; 12 design variables also have been used in this case, and
for simplicity the wing pro� le has been maintained constant in the
spanwise direction. Inasmuch as modifying the wing section may
have a strong impact on the aerodynamic characteristicsbut not on
the structural weight, which is going to remain almost constant, the

Fig. 10 Pareto front obtained for the wing section optimization.

Fig. 11 Drag rise curve of the original wing and of wings selected from
the Pareto front.

a) ¡ 2y/b = 0:16 b) ¡ 2y/b = 0:44 c) ¡ 2y/b = 0:76.

Fig. 12 Pressure coef� cient on the original and optimized (unconstrained) wings.

optimization problem in this case has been formulated so as to re-
duce wave drag with control on pitching moment; in fact, the latter
determines the level of trim drag. The design objectives have then
been formulatedas obj1 D cDw=c2

L and obj2 D .cM ¡0:5/2; as in the
earlier case, the lift coef� cient has been � xed to cL D 0:5, and the
maximum thickness has been maintained at the value obtained by
the previous run at each spanwise station.The same GA parameters
used for the wing planform optimizationhave been adopted, except
for the mutation rate, which has been reduced to pm D 0:04, and for
the population size, which has been increased to 100. The Pareto
front obtained is shown in Fig. 10, where some of the correspond-
ing wing section shapes are also shown. Depending on the actual
design requirements, it is now possible to extract from this front
the solutionwith the desired characteristics.In particular, in Fig. 11
the drag rise curve (at cL D 0:5/ of the wing before optimization
of the section is compared with those of three wings extracted from
the front, i.e., the low-drag end of the front, corresponding to an
unconstrainedoptimization, and the two solutions characterizedby
the same pitchingmoment and wave drag coef� cients, respectively,
of the initial wing. As can be seen, the � rst two solutions provide
an overall improvement of the drag rise curve; at the design point
M D 0:85 the reduction of wave drag is 32 drag counts for the un-
constrainedsolutionand 22 for the � xed cM one. On the other hand,
when the drag coef� cient is kept constant so that a reduction of
cM can be achieved, lower wave drag values are obtained for Mach
numbers lower than the design one, but with a steeper increase at
higher Mach numbers. Finally, in Fig. 12, the pressure distributions
on three wing sections, for the initial wing and the low-drag end of
the front, are shown.

V. Conclusions
In most practical applications, design problems are governed by

severalcriteria,oftenderivedfromdifferentdisciplines.To approach
such design tasks, robust and effective system-level optimization
tools are needed. GAs are characterized by a number of favorable
features that make them attractive for these types of problems;mul-
tiobjective optimization, in particular, appears particularly suited
for multidisciplinaryenvironmentsbecause it allows determination
of sets of Pareto optimal solutions within the design space, repre-
senting different levels of compromise among the design goals or
constraints. Therefore, the designer can make the choice introduc-
ing an a posteriori selection criteria. The � exibility of the design
process, thus, can be increased, because the need for interrelating
criteria of different natures is avoided, and the effect of changing
constraints can be evaluated off-line.

An effective algorithm for multiobjective applications has been
developed through a hybrid approach, by coupling a multiobjective
GA to a gradient-basedoperator.Applications to multiobjectiveair-
foil and wing design have been presented. The basic idea to use a
gradient-based routine in the fashion of a genetic operator derives
from the observation that mutation in itself is not very effectiveas a
re� nement operator, leading to generally poor convergency speed;
on the other hand, it has been demonstrated how the bene� cial ef-
fects of the HCO can be exploited even when its use is considerably
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limited in terms of number of elements processed and computa-
tions carried out for each element. For the class of problems that
has been investigated,signi� cant improvementshave been obtained
both with respect to simple GAs, in terms of computational ef� -
ciency, and with respect to gradient-based approaches, in terms of
robustness. In particular, it has been possible to use the HGA with
successeven in the case of multiobjectiveproblems,when a weight-
ing approach must be used to compose a scalar objective function
each time resort is made to the gradient-basedoperator.
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